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Abstract 

We describe a n component abelian Hall fluid as a system of composite bosons moving in 
an average null field given by the external magnetic field and by the statistical flux tubes 
located at the position of the particles. The collective vacuum state, in which the bosons 
condense, is characterized by a Knizhnik-Zamolodchikov differential equation relative to a 
(7(l) n Wess-Zumino model. In the case of states belonging to Jain's sequences the Knizhnik- 
Zamolodchikov equation naturally leads to the presence of an U(l)®SU(n) extended algebra. 
Only the U(l) mode is charged while the SU(n) modes are neutral, in agreement with recent 
results obtained in the study of the edge states. 
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It is well known that a simple physical idea lies behind the different theoretical descriptions 
of the fractional quantum Hall effect (FQHE) , namely that an Hall fluid should be described not in 
terms of the ordinary electrons but of the quasiparticles obtained by binding to them an appropriate 
number of vortices. This picture, clearly present in the Laughlin wave function 1 , widely discussed 
and exploited by Wilczeck 2 and formulated in the framework of a Ginsburg-Landau model by 
several authors 3 , finds a precise mathematical formulation in two dimensional Conformal Field 
Theory (2DCFT), where the non trivial braiding of two quasiparticles is realized as the exchange 
of the corresponding Vertex Operators 4 , and in the Chern-Simons (CS) lagrangian approach 5 , that 
gives the possibility of going beyond the mean field approximation, by evaluating the fluctuations 
of the CS field 6 . 

The most appealing realization of this physical idea has been put forward by Jain 7 , who has 
suggested the possibility of looking at the FQHE for the electrons at filling v = n/(2np± 1) as a 
manifestation of the integer effect for composite fermions obtained by attaching to each electron 
an even number of flux units opposite to the external magnetic field. While the most direct 
experimental support for this point of view derives from the observation that the most prominent 
Hall plateaux are seen at the fillings u = n/(2n± 1) (principal sequence) and at v = n/(4n± 1), 
further evidence has been gathered from the analysis of the energy gaps for such fillings 8 and from 
the study 9 of properties of the state at v = 1/2, the accumulation point of the principal sequence. 

A very simple theoretical implementation of Jain's approach has been obtained by studying 
the motion of each quasiparticlc in the presence of the external magnetic field and of infinitesimally 
thin statistical flux tubes located at the position of the other quasiparticles 10 . This analysis, that 
can be generalized to an arbitrary abelian Hall fluid, leads naturally to the Laughlin ground 
state wave function (gswf ) and has the advantage of preserving in the general case the algebraic 
structures present in the case of filling v = 1, that is well understood in terms of a single particle 
description. As a consequence, in this framework, an easy proof has been given 10 ' 11 of the important 
result 12 ' 13 that the Laughlin gswf can be characterized as a highest weight state of the Wi+ X 
algebra of the area preserving non singular diffcomorfisms. 

However in this paper, instead of promoting the electrons to composite fermions, we will turn 
them into composite bosons moving in an average null field made of the external magnetic field and 
the statistical flux tubes attached to the particles. In this approach, a different characterization of 
the ground state of a generic abelian Hall fluid can be obtained and typical properties of Jain's states 
can be unveiled. More specifically, for the simple case v = 1/m the collective vacuum, in which 
the composite bosons condense, is characterized as a solution of the Knizhnik-Zamolodchikov (KZ) 
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equation 14 for the correlators of a U(l) Wess-Zumino field, making contact with the analysis of the 
Hall effect in terms of 2DCFT. This result can be easily generalized to the generic n component 
abelian Hall fluid, where the KZ equation is relative to U(l) n 2DCFT correlators. More interesting 
is the case of states belonging to Jain's sequences, where the KZ equation exhibits the presence 
of an U(l) <S> SU(n) extended algebra. This approach confirms in a simple way results obtained 
in the framework of representation theory of the Wi+oo algebra 15 and by studying the dynamics 
of the edge states in the presence of disorder 16 . It also gives a direct evidence that only the U(l) 
mode is charged while the remaining are neutral. 

Let us start our discussion by recalling that in the v = 1 case the analytic part of the Laughlin 
wave function is easily obtained out the single particle states as a Slater determinant 

x«=m,»2, ...,z N ) = ^(-in&ir* 1 (btr* . . . (4r*» Xo , w 
p 

where , rii 2 . . . rii N is a permutation, P, of the non negative integers smaller than the electron 
number N, b\ and b{ are creation and annihilation operators in the Fock-Bargmann representation: 

b\ = Zi , h = di , (2) 

and the vacuum state is defined by biXo — 0. Following Jain , one can describe the state at filling 
v = l/(2p + 1) = 1/m as a system, at the effective filling v e ff — 1, of composite fermions obtained 
by binding — 2p units of flux to each electron. By studying the motion of each composite fermion in 
the presence of the external magnetic field and of the other particles 10 , one sees that the operators 
b] and b» are to be modified as follows: 



b\ = Zi , bi =di- 2pdi ^2 ln ( z » - z j) = & - 2 P^2 — ~ — ' ( 3 ) 

... . . . Zi Zj 

This implies that the Fock space is built out of an intrinsically collective vacuum \ c defined by the 
condition bi\ c = 0, and that the ground state has the same structure than the one given in eq. [j], 
namely: 

xx (zi, z 2 , ... , ZN ) = ^(-i) p (6 t 1 )^ (btr* . . . ^ N r-xc - - z ^ m ■ w 

P i<j 

More generally, one can consider the case of a generic n component abelian Hall fluid charac- 
terized by a symmetric integer valued matrix K with odd diagonal elements . Then the generalized 
Laughlin gswf, corresponding to the ground state of the composite fermions, is given by 

XK{{zl}) = 1] E(-!) P ' (^r- ■ ■ ■ (b%f»r Xc , (5) 

/ Pi 
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where i labels the electrons in a given component, / the different components and n\ x ,v\^ . . ■nj N 
is a permutation, Pj, of the sequence of non negative integers smaller than the number Nj of 
electrons in the component /. We have introduced the new operators 



(tf)t = zl , b( = d( - d{ Hjj ln(z/ - zf) =d}-Y, > ( 6 ) 

where ii/j = Kij — 5ij, means the sum on all values of j, J such that zj ^ z\ and the collective 
vacuum \c is defined by b\\c — 0. 

As we have already mentioned, in this paper we follow a variation of this approach, by 
describing the system as made out of composite bosons rather than composite fermions. For 
example, in the case of filling v — l/(2p + 1) = 1/m, we bind — m units of flux to the electrons 
rather than — 2p. Studying, along the same lines, the motion of the composite bosons one is lead 
to the introduction of the new set of operators 

B\ = Zi, Bi — di- ln ( z * - Zj) = dj - — - — . (7) 

. , . ... Zi Zj 

In this case the composite bosons will condense in a collective vacuum state, corresponding to the 
Laughlin gswf, defined by 

BiX±.{zi,Z2, ■ ■ ■ ,z N ) = 0. (8) 

More generally, in the n component case, the composite bosons will condense in a collective 
vacuum defined by 

Bf X K({zj})=0, (9) 
where the new set of operators is given by: 

(S/)t = zl , Bl = d! d[ Y^Ku ln(zl - zj) = d[ - E'-^T- (10) 

In the case v = 1/m the vacuum state condition, eq. || corresponds to the Knizhnik-Zamolodchikov 
(KZ) linear differential equation for the correlators of an abelian Wess-Zumino field of conformal 
weight to/ 2: 

-m^2 — - — ) x±( z i, z 2,---,Zn) = 0. (11) 

. , . Zi Zj I m 

Therefore to each particle we can associate an element of a local U(l) group of conformal weight 
to/2 that can be written as a Coulomb gas Vertex Operator (VO) V^(z) ='■ exp [i^/rn(j)(z)] :, 
where <fi(z) is a ( properly compactified ) free holomorphic scalar field, with the standard mode 
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expansion 

<j){z) =q-iplnz + i V— z~ n . (12) 

n 

As a consequence, the Laughlin gswf can be expressed as a correlator of VO's: 

X±.(zi,Z2,...,z N ) = (V^iz^.-.V^izN)) = (N y /^\V VTE {z 1 )...V v ^(z N )\0), (13) 

where the Fock vacuum state, {N^Jrn\, with momentum N^/m, has been introduced to take into 
account momentum conservation. In the generic abelian case the equation defining the collective 
bosonic vacuum has the form 

(tf-E'-3^)X*({*.-})=0. (14) 

The discussion relative to the one component case is easily generalized to the KZ equation for the 
n component Hall fluid, provided the K matrix is positive definite. We will make this assumption 
as only under this condition a completely consistent description on higher genus Riemann surfaces 
can be achieved 17 . This amounts to disregard Hall fluids for which the edge currents propagate in 
opposite directions 18 . For such fluids the quantization of Hall conductance is in general an open 
problem that, for the case of Jain's sequences, has been solved 19,16 by taking the presence of disorder 
explicitly into account. Under the positivity condition one can introduce a n-component vector of 
independent holomorphic fields <j>{z) and a set of n-component vectors j3i such that /3j ■ f3j = Kjj. 
Then by defining the VO's (z) =: exp [if3j ■ 4>{z)] : and the currents J a (z) — idcf)a{z) one obtains 
the following operator product expansion (OPE) 

J a { z )V^{w)~^V 0i {w). (15) 

PI z — w PI 

Therefore one recognizes eq. [l4] as the KZ equation for a U(l) n Wess-Zumino model. The 
corresponding correlators will be given by 

I n N, \ 

XK({z I i }) = (l[l[V^({z I i })) . (16) 

We turn now to the more interesting case relative to the fillings of the Jain's sequences, 
where out of the KZ equation will emerge the presence of an extended U(l) <£> SU(n) algebra. The 
structure of the K matrix for the Jain's sequences is given by Ku — 5u + 2p. Notice that for 
the Jain's sequences in all components there is the same number of electrons iVj. This derives 
from the condition N$, = KijNj, where N$ is the number of units of external magnetic flux, that 
guarantees the cancellation, in the average, between the external magnetic field and the statistical 
field of the composite bosons. 
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The K matrix can be diagonalized by means of an orthogonal transformation, K = O t KdiagO, 
where K<n a g — diag(l, . . . , 1, 2np + 1). The matrix element Ou with / = l,...,n— 1 and 
J = 1, . ..,n are strictly related to the matrix elements of the diagonal generators of the SU(n) 
group in the fundamental representation: 

O aJ = t a jj = (uj) a , a = l,...,n-l, (17) 

(we have introduced the vectors uj in order to simplify the notation). The remaining elements are 
given by O n j = l/y/n, J — 1, . . . ,n. The explicit form of the matrix t a is given by 

*° = ■ = =rfmg(l,...,l,-a,0,...,0), o=l,...n-l. (18) 
V a ( a + l ) 

Notice that t a is traceless, as it should. We can then rewrite Ku as follows: 

Ku = i + ui ■ uj = i + t a u tjj , (19) 
and express eq. [w| in a form that makes manifest the presence of an extended symmetry, namely 

& - tz^i + - o • (20) 

i 3 i 3 

where v is the filling factor relative to the Jain's states, v = nj (2np+ 1). Notice that the numerator 
of the term appearing in the first sum of eq. corresponds strictly to the U(l) case discussed 
above, see eq. |ll|. This suggest to perform an orthogonal transformation on the 0-fields: 

$a = O aj <t>j, a=l,2,...,n-l, (21) 

$+ = O n jt/>j = -^={<t>X +(j>2...(t> n )- (22) 
V n 

We can then rewrite the energy- momentum tensor and the VO's in terms of the new fields obtaining 

1 1 1 n ~ 1 

T{z) = -- : d<t>(z)-d4>{z) :=--: d<5> + {z)d<5> + (z) : - - : £ d<!> a (z)d<!> a (z) : , (23) 

a 

and 

V 0i (z)=:exp\0i-fc)] : = :e7?* +W : : e^'*W : = V^V^z) . (24) 

We identify i9$+(z) as a U(l) current and J a {z) = id$ a (z) as the diagonal currents of SU(n). 
Indeed 

J a (z)V ai (w) ~ _^_Vb («,) . (25) 
z — w 

This identifies the coefficients in the second sum of the KZ eq. as the correct representation 
matrix elements. Although the non-diagonal terms do not appear in eq. p2(J, as they are absent in 
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the energy-momentum tensor eq. g3[ they are easily introduced as bilinear in the VO's 20 . As the 
roots of SU(n) are of the form a = ul — «m, one has Js ='■ Vu L Vfi M '■ & n d their action on the VO 
Vitj is given by 

J s (z)V Ul (w) ~ -^-V Ul . (26) 
z — w 

In terms of the new fields the gswf characterized by the KZ equation takes the form 



Xk({z!}) = (Q 



n Ni 



1=1 i=i 




n N[ 



1=1 i=l 



) . (27) 



Notice that the correlator factorizes and, while the U(l) factor carries the full information 
on the total momentum associated with the VO's, the SU(n) factor automatically satisfies the 
Coulomb gas neutrality condition. This implies, as it can be easily seen in terms of the equivalent 
plasma picture, that the U(l) mode is charged while the SU(n) modes are neutral. The same 
result can also be obtained by recalling that the 2DCFT momentum is only rescaled with respect 
to the physical charge or by explicitly evaluating the Hall conductance 17 . 

The difference between a generic n component Hall fluid and one relative to the Jain's se- 
quences has important consequences on the structure of the theory on a non trivial compact 
Ricmann surface and on the nature of the edge excitations. It has been shown that while in the 
generic case there are n sectors of charged edge excitations, in the Jain's case only the U(\) mode 
is charged while the remaining n — 1 are neutral 15,16 . The same result has been obtained by an- 
alyzing the gswf's on a torus, in ref 17, where the correspondence between gswf's on genus one 
Riemann surface and edge states is discussed in the framework of 2DCFT, showing that both are 
characterized by the same integer lattice Z™ /KZ n . The peculiar nature of the Jain's sequences is 
then related to the fact that the relative lattice can be recast in the much simpler form Z/(det K)Z, 
in complete analogy to the case of a one-component fluid. Whether this characterization is physi- 
cally relevant in explaining the observed prominence of Jain's sequences is an open and interesting 
problem. 
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